We proposed an effective acoustic abatement solution comprised of periodic resonators and multi-panel structures with porous lining here, which can incorporate the wideband capability of porous materials and the low-frequency advantage of locally resonant structures together. Theoretical and numerical modeling procedures are developed using the poroelastic field with periodic boundary conditions and the synthesized resonator forces. The results obtained compare favorably with the bibliographies and the finite element models. It is found that the STL of the periodic composite structure can be tuned using proper porous additions and resonators concerning both the amplitude and the tuning bandwidth. The results reported illustrate a promising while practical alternative on low-frequency wideband sound modulation.
Introduction
Noise issues are frequently found in machineries used in industrial environment. Longlasting interests are drawn on related noise abatements. However, as noise sources could be significant within a wide frequency range, their abatement and modulation are challenging.
Porous materials are recognized as wideband noise control solutions. Fruitful theoretical and numerical results on the acoustic properties of porous materials were obtained during the twentieth century [1, 2, 3, 4, 5] . As composite structures composed of porous materials, such as layered media [6] and multi-layer structures [7, 8, 9] , prevail among noise control applications, research efforts on their sound transmission are remarkable. However, at low frequencies where the thermal and viscous dissipation are inefficient, porous materials are generally considered as ineffective. Recently, some researchers tries to add resonant structures into the porous matrix to improve the low-frequency performance of porous materials [10, 11] . Their results are exciting, however, the microscopic additions used are difficult to implement and their modeling procedures are too sophisticated.
Periodic structures are promising in low-frequency range due to locally resonant mechanism, which is introduced in the seminal work by Liu et al. [12] . Unlike in Bragg diffraction cases, locally resonant periodic structures can modulate elastic wave at deep subwavelength. Therefore, to obtain compact and effective low-frequency sound modulation solutions, researchers worldwide focused their interests on composite structures with periodic resonators [13, 14, 15, 16] , multi-layer microperforated panel structures [17, 18] , periodic Helmholtz resonators [19, 20] or combined locally resonant structures [21, 22] . Though the results reported in these bibliographies are impressive, however, locally resonant designs are always only effective in a narrow bandwidth, which is an inherent drawback. Therefore, efforts on low-frequency wideband acoustic modulation are prominent. Unfortunately, related results are scarce [13, 14, 18] , to the authors' knowledge.
As periodic structures are promising in low-frequency range, while porous materials are wideband effective, the motivation here is to combine these advantages together by incorporating macroscopic locally resonant design into composite structure with porous lining. Two-dimensional periodic poroelastic composite structures, which comprise multipanel structures with porous lining and distributed resonators, are proposed and discussed. The modeling procedures for periodically rib-stiffened composite structure with porous lining [23] is adopted and resonator forces are incorporated. The periodic problem here is finally solved by truncation, and validated by degenerated results and finite element results. By analyzing the results of the preceding periodic poroelastic composite structures, we show that low-frequency wideband acoustic modulation can be achieved.
In Section 2, the two-dimensional periodic poroelastic composite model and detailed model procedures are outlined. Subsequently, in Section 3, model validations and result discussions are provided. Section 4 ends with conclusions.
Two dimensional periodic poroelastic composite structure
The periodic composite structure here comprises a multi-panel structure with porous lining and distributed resonators, as shown in Fig.1-a and b . The boundary conditions between the poroelastic domain and an adjacent domain are classified using the notations in Ref. [7] , i.e., B for bonded condition, O for open to an infinite air domain, and U for adjacent to but not bonded on a solid domain. The periodic resonators can be simple resonators as shown in Fig.1 -c or composite resonators as shown in Fig.1-d and e (composite resonator A and B respectively). A composite structure comprises a single panel with periodic composite resonator A is shown in Fig.1-f .
A plane wave transmits through the periodic composite structure with velocity potential Φ i = e jωt−jkr , where k = (k x , k z ), r = (x, z), j = √ −1. According to Fig.1 -a, k x = k cos ϕ, k z = k sin ϕ, here k is the incident wave number, ϕ is the incident elevation angle. The time dependence e jωt is omitted in the following. Here we make the following assumptions: A1. The composite structure and its adjacent domains are all infinite, therefore no reflections from outside the composite structure is considered. A2. The resonators are periodic along x-axis with a periodic span l x , and multiple different resonators can be placed evenly in a periodic lattice (span). A3. The composite structure and the resonators are ideally point-connected, therefore the resultant force of a resonator (simple resonator or composite resonator) simplifies to a concentrate force.
The above A3, however, is not substantial as distributed forces or moments can also be conveniently translated to a concentrate force and/or moment; it is provided to show the essential idea with elegance here.
Two-dimensional poroelastic domain with periodic boundary conditions
When periodic boundary conditions are present, the poroelastic displacements are assumed to comprise six groups of harmonic components [23] . According to the procedures provided in Ref. [23] , the displacement u = [u
Here x i and x j denote x or z coordinate; in other variables, i, j denote x or z.
In-plane and transverse vibration of the plates
As the frequency range discussed is far below the coincidence frequency of the plate here, the thin plate theory is used; otherwise, the Timoshenko-Mindlin plate theory should be used. Therefore, in the periodic poroelastic composite structure here, when in-plane and out-of-plane force or moment is present, the vibration equations of the plate are [23] 
where
Here, L i (·) and L t (·) are the in-plane and out-of-plane vibration operator, u and w are the in-plane and out-of-plane displacements, f x and f z are the in-plane and out-of-plane forces, M y is the in-plane moment normal to the x − z plane; ρ p , h, D p , and D are the density, thickness, in-plane stiffness, and the transverse stiffness of the plate. 
Periodic resonators and their resultant forces
According to the assumptions A2 and A3, the schematic diagram of the spring forces (simple resonators) is shown in Fig.2-a ; the total number of resonators in a periodic lattice is denoted as N s , and the resonator i (i = 1, 2 . . . N s ) is located at x i in the periodic span.
According to Fig.2 -b, we can get the force f i of a simple resonator i as following
where w is the displacement of the plate which the resonators are attached to; ω i = k i /m i is the natural circular frequency of the resonator i, m i is its mass, k i is its spring stiffness, η i is the spring damping [13] .
Meanwhile, according to 
; the matrices K, C, M, and F of composite resonator A or B can all be got by their dynamic equations [16] . Their elements are provided in Appendix A.
Therefore, the resultant force F sum of the periodic resonators is
Here, x i is the position of resonator i, x i = ia, a is the distance between two adjacent resonators; integer n = −∞, . . .
β i is the contribution coefficient of a resonator to lattice n.
The acoustic domain and BC conditions
According to the boundary conditions of the periodic composite structure, there exists one incident acoustic domain, one transmitted acoustic domain, and one or more intermediate acoustic layers between the porous domain and the multi-panel structure. The acoustic domains are all assumed linear, and the related velocity potential Φ follows
where c is the corresponding sound velocity. The boundary conditions between the porous domain and the multi-panel structure were detailed before [7, 8, 24] , therefore, the details are not provided here. However, different coordinate frames may be used, and the boundary conditions can be different [23] . Attentions should be paid to the coordinate frame used and the related boundary conditions.
The harmonic expansions and system equations
The periodic composite structure comprises acoustic domains, porous domains, multipanel structures, and periodic resonators. To show the essential ideas with an elegant formulation, we limit the multi-panel structure to a single panel or a double panel here. The boundary conditions can be OU/OB for the single panel cases ( In the following, we use OU case as an example to show the system equations and the solution procedures. In OU case, the periodic composite structure comprises an incident acoustic domain, a porous domain, an intermediate acoustic domain, a plate, and a transmitted acoustic domain ( Fig.1-a) .
According to the law of refraction and the method of space harmonic series (SHS), 6 the velocity potential of the three acoustic domains can be expressed as (11), (12), and (13) into Eq.(10)
Here c × is the sound velocity in the corresponding domain.
In the thin plate, according to the law of refraction and the method of space harmonic series (SHS), the displacement u = [u, w]
T expands to
T is the unknown component amplitude vector. In OU case, the in-plane displacement u is absent, therefore, only amplitude W m is included. In OU case, all the boundary conditions at the interfaces of different domains or at the middle plane are (16) where ρ × is the density of the related domain; is the porosity of the porous media; σ z , τ zx , and s are the normal stress, shear stress and fluid pressure of the solid and fluid phases in the porous media respectively, and they can be got using Eq.(4).
The solution procedures (OU case)
In Eq. (16) .(x), double or triple summation occurs; therefore, the resonator force term is rearranged. The cumbersome rearrangement procedures are provided in Appendix C.
Subsequently, according to the orthogonal property below
7 where integer m, p = −∞, . . . + ∞; Equation (16) becomes
Integer m, n = −∞, . . . + ∞; A m , B n and p are provided in Appendix E. To obtain a numerical solution, the preceding equation Eq. (18) is rearranged using
Here, the blank blocks ofÃ are all zero, whileB is a full block matrix; 0 T is a zero 1 × 14 vector. Subsequently, Eq. (18) becomes
As the dimension of matricesÃ,B, and vectorsx,p are all infinite, Equation (24) is an infinite matrix equation, which should be truncated to solve. We will detail the truncation procedures in the following. When m is truncated to [−m,m],Ã andB are truncated to 14M × 14M matricesĀ andB, vectorsx andp as 14M × 1 vectorsx and p,M = 2m + 1; therefore, Equation (24) is solved
Subsequently, the unknown amplitude of the harmonic components are determined. The sound transmission coefficient τ of the composite structure is [23, 25] 
Here Re(·) is the real operator for a complex variable. When sound wave transmit through the composite structure at ϕ ∈ [ϕ lim , π/2], where ϕ lim is the minimum elevation angle (that sound can transmit), the sound transmission loss (STL) of the preceding composite structure is defined as
When the unknown velocity amplitudes are obtained, STL can be solved by numerical integration subsequently.
Results and discussions
The convergence characteristics of the periodic poroelastic composite structure are complicated [23] , therefore, a convergence check step, which is confirmed as reliable and accurate [26, 25, 23] , is performed before any further computations to determine the appropriatem. The convergence criteria is chosen as ∆STL = 0.1dB at f max =10kHz, i.e., when the variation in STL by changingm (add or minus by one) is less than 0.1dB, it is considered as converged. Table 1 Model parameters: air gap thickness ha = 2 mm for the OU case; ha = 14 mm for the BU case; h a1 = 2mm, h a2 = 6 mm for the two air gaps in the UU case; lx = hp, (hp + ha), hp, (hp + ha), and (hp + h a1 + h a2 ) for the OB, OU, BB, BU, and UU cases, respectively; the gap properties ρg = ρ i , cg = c i and the transmitted side media properties ρt = ρ i , ct = c i The parameter values are provided in Table 1 and used if not specified again. The STL is calculated in 1/24 octave bands between 10Hz and 10kHz using Simpson's Rule; the 9 integration domain is split into 90 subdivisions. In 2D case, different minimum elevation angle ϕ lim are used [7, 13, 25] , either by experiment data or theoretical prediction. To comply with the bibliographies, in the single panel case here ϕ lim is 0 [13, 25] , while for the double panel case, ϕ lim is π/10 [7] . As STL is sensitive to the total mass [27] , here the mass ratio γ of the resonators, i.e. the percentage of the resonator mass in the total mass, is kept constant as γ = 0.2 [13, 16] in the following. The results of the five different boundary conditions here are fruitful, however, only some essential thus important results are provided (otherwise given in the supplementary materials) to report the findings concisely.
Parameters

Model validations
To validate the preceding periodic composite model and show the wideband applicability, firstly, the results obtained are compared with the low-frequency results reported before by degenerated models and those obtained by FEM; secondly, comparisons with high-frequency results are also reported. The FEM model numerical setups are not detailed here as they are identical to those in Ref. [23] except that it is 2D here.
Low-frequency validations
In the low-frequency range, comparisons with the multiple identical simple resonator (resonance frequency f r =300Hz) or composite resonator (resonance frequency f 0 1 =300Hz) results in Ref. [13, 16] are made. As shown in Fig.4 and 5, either the oblique incidence case results (Fig.4-a) or the random incidence case results (Fig.4-b and Fig.5-a to f) all show excellent consistency.
Some of the oblique incidence FEM results are shown in Fig.6 (OB, BB, and UU cases). As shown, the overall consistency is satisfactory. The results in Fig.4, Fig.5 , and Fig.6 confirmed the validity here in the low-frequency range.
High-frequency validations
In the high-frequency range, result comparisons versus Ref. [13] and FEM are presented (the resonance frequency f r or f 0 1 is 3kHz if not specified). Comparisons versus Ref. [13] are shown in Fig.7 . As shown, the overall consistency is satisfactory. 10 Some oblique incidence result comparisons versus FEM results are shown in Fig.8 (OB, BB, and BU cases). As shown, the results here compare favorably with FEM results. The results in Fig.7 and Fig.8 confirmed the validity here in the high-frequency range.
The wideband applicability of the preceding theoretical and numerical periodic composite structure models are confirmed by Fig.4 to Fig.8. 
Influence of porous additions on the STL
To show the influence of porous additions, here we used multiple identical simple resonators in a periodic span, where m i =27g, η i =0.01. Fig.9 (OU and OB cases) shows the comparisons between the STL of the periodic composite structures (porous + resonator, f r =3kHz), multi-panel structures (porous), and plate with periodic simple resonators (metamaterial plate, f r =3kHz).
M1SR (a-d) OB/OU/BB/BU (a) (b)
f r =2kHz f r =3kHz f r =5kHz From Fig.9 , we can see porous additions can improve the STL of the periodic composite structure away from the resonance frequency, and ease the the STL decrease around the local resonance. As porous media has wideband attenuation capability, its wideband improvement is conceivable; meanwhile, around the resonance frequency, its can attenuate the sound transmission even though resonance is prominent. In summary, the STL of the periodic composite structure can be considered as the superposition of contributions from porous additions and simple resonators separately. Fig.10 shows the results of the periodic composite structure here with multiple identical simple resonators (different resonance frequencies respectively) under different boundary conditions (OB, OU, BB and BU cases). Here m i =27g, η i =0.01.
Influence of identical simple resonators on the STL
As shown, notable STL improvement occur around the resonance frequency f r (a local crest), with a decrease around the subsequent anti-resonance frequencies (a local trough). The overall STL recovers to the cases without resonators (the solid lines in Fig.10 ) away from the resonance frequencies. However, as f r increases, the improvement around the resonance frequency weakens (Fig.10-a and c f =8kHz, Fig.10-b and d f =7, 8kHz) ; the STL shows multiple troughs subsequently. The extra troughs are because of the coupling between resonators and the corresponding composite structures. Quantitative analyses on the dispersion relations are in progress.
Influence of identical composite resonators on the STL
Composite (multiple-degree-of-freedom) resonators can provide better vibration or wave attenuation [15] . Therefore, two composite resonator cases (Fig.1-d and e) are used here to evaluate the sound insulation performance. In composite resonator i, we denote m 14 The resonance frequencies of composite resonator B are [16] Table 2 are used. As shown, notable STL improvements occur around the resonance frequencies f 1,2 (local crests), with decreases around the subsequent anti-resonance frequencies (local troughs). The overall STL recovers to the cases without resonators (the thick dashed lines in Fig.11 ) away from the resonance frequencies. However, as f 1,2 increases, the 15 improvement around the resonance frequency weakens; additional STL troughs emerge subsequently. The extra troughs are analogous to the cases with multiple identical simple resonators.
3.5. Influence of multiple simple resonators on the STL Table 3 Parameters of multiple simple resonator cases I and II, the mass ratio γ=0.
Two multiple simple resonator cases are investigated here using the parameters in Table 3 . The STL results of the periodic composite structures are shown in Fig.12 (OB and BU boundary conditions, case I and II respectively). As shown, the STL can be tuned around the resonance frequencies of the simple resonators. When the resonance frequencies are in the low-frequency range, the sound insulation of the periodic composite structure can be improved; however, as the resonance 16 frequencies increase, the sound insulation deteriorates and becomes not better than the cases without resonators. As the resonator number N s increases, the STL amplitude and its modulation bandwidth can be tuned in either case I or II. Furthermore, while cases I and II are analogous, their STL are slightly different. A comparison is made in the following.
OB/BU
The local STL crests and troughs are caused by the resonance and anti-resonance of the periodic resonators. The extremum amplitudes and bandwidths are determined by the damping and resonance frequencies of the resonators. If multiple simple resonators are properly selected, the STL amplitudes and the bandwidths can be tuned, therefore, the sound insulation performance here are modulated.
Influence of multiple composite resonators on the STL
Composite resonators with different resonance frequencies are arranged in a single lattice using parameters in Table 4 ; in resonator i, the resonance frequency of the primary mass is chosen as f Apart from the resonance frequencies obtained by Eq. (28) and (29), when damping is included, the characteristic frequencies of composite resonators (A or B) can be 
For composite resonator A, the coefficients are A 4 = r, A 3 = −2j(r + t + rt)η 1 ω 1 , A 2 = −(r + s + rs + 4tη As shown in Fig.13 , the STL can be improved around the resonance frequencies in the low-frequency range; however, as the resonance frequencies increase, the STL deteriorates and becomes not better than the cases without resonators. This is analogous to the cases of simple resonators. Furthermore, the influence of the lower resonance frequencies are noteworthy compared to the higher ones; in addition, the influence of the latter tends to vanish, and distinct STL troughs can even be seen because of complex coupling between the resonators and the structures. Quantitative analyses are in progress at the moment.
Comparison between different resonator cases
To show the differences between the above four resonator cases, we choose N s =4, γ=0.2 (other parameters as those in Table 3 As shown in Fig.14 , the bandwidths of the two simple resonator cases are almost coincident as the resonance frequencies are identical, while the STL magnitudes are different because of different mass distribution, however, the STL differences are tiny as the mass differences of the resonators are not significant. Compared with simple resonator cases, the composite resonator A and B cases all show wider working bandwidth, without significant decrease in STL magnitudes. However, the bandwidth or STL magnitude is slightly different in the two composite resonator cases. In Fig.14, composite resonator B cases have larger STL magnitudes, but with narrower working bandwidth, and more drastic STL decreases beyond these resonance frequencies.
In a word, multiple simple resonator cases are applicable to simple STL modulation solutions, as both the bandwidths and magnitudes can be tuned as desired; however, if wider bandwidths are anticipated and a tradeoff in the magnitudes is acceptable, composite resonator cases can be the right alternatives.
Conclusions
By incorporating macroscopic locally resonant design (resonators) into composite structure with porous lining, we proposed an effective wideband acoustic abatement solution here, which is comprised of periodic resonators and multi-panel structures with porous lining. We found that the STL of the periodic composite structure can be considered as the superposition of contributions from porous additions and resonators separately, therefore, it can be tuned using proper resonator arrangements concerning both the amplitude and the tuning bandwidth. When the resonance frequencies of the resonators are in the lowfrequency range, notable STL improvements occur nearby, with a decrease around the subsequent anti-resonance frequencies (a local trough); however, as the resonance frequencies increase, the improvement nearby weakens. Meanwhile, the STL amplitude and its modulation bandwidth can be tuned by different resonator configurations. Compared to the simple resonator cases, composite resonator cases can obtain wider bandwidths while a tradeoff in the magnitudes is inevitable.
It is illustrated that the wideband capability of porous materials and low-frequency advantage of periodic structures can be utilized and incorporated together here. Though the results are preliminary here, this synergetic effect is exciting, and can be promising in the research on low-frequency wideband sound modulation. 
